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Motivation: In the last 7 years there has been substantial
progress in developing tools to count microscopic
configurations dual to BPS Black holes in AdS/CFT. These
developments may be telling us something non-trivial about
the inner-workings of the duality, and perhaps, eventually,
they could help us to extend it beyond the known frontiers.

In this talk ...



Outline

1. Introduction. Large charge expansion
2. (c,d) - phases of N=4SYMon S;

3. Emergent orbifold quotient

4. Typell Bside

5. Exact formula for (c,d) phases:

stringy corrections.
6. Conclusions and questions for the future.



Let H be a physical system with discrete spectrum of conserved
charges Q (assume the unit of quantization is 1).

Then the number of states in the system is generated by the
partition function

Z[x] =Trye'*%=¢>M

Notation: {x} chemical potential dual to {Q} , {¢'*} rapidities;
S[x] effective action action, F[x] = - S[x] free energy.



They are Fourier integrals :

d[Q] = [[*" Z[x]e ¥ Q= [*7 "W gix

Question: What properties must S[x] have in order for

Q Positive Power

d[Q] » e°¥ as Qoo ?



1. S[x] can not be regular. Otherwise...

J:)zn o~SI] e—ix Q f02n o~SI] é-perio dic[x] = e 0(1) for Q>>1

2. S[x] must have at least one power-like singularity X, say
with powern:

S[Xsing + 51> A" s[6x]



Indeed, defining Q=qA™" and assuming A = o it then it
follows that:

d[Q] ~ e cldl Q7
_ el\”( -s[6x*] - i 6X* q)

~© =SiocX*1=1X*Q

Sioc[X] is the asymptotic expansion of the complete effective
action S[x] around the attracting singularity X;i,g.

x* = x*[Q] is infinitely close (aka attracted to) the singularity Xging



Large charge localization

(Take-home message) : A singularity X of degree n signals a
deconfined phase where entropy grows as

Log d[Q] ~ c[q] Q7 .



This is true provided that:
1- [0,1) =% nil;

where I'; are Lefschetz thimbles of Si,.[x]+1XxQ and n; are
intersection numbers (integers).

2- n; # 0 for athimbleTl; intersecting the x* for which

Re[Sioc[X1+iXx™ Q] <0 ... otherwise ... no growth!



Atoy example (AssumeQeZ,)

In this case the approximation works very well even for small Q



Log[Abs[d[Q]]]
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What defines the analytic structure of S[x] ?

oY, i=1,2,.., w/ charges Q[0'")]
oM. * o). =0 Fer-Letters (0M)" £ 0, Vn>0, Bos-Letters
Oil,...,ip N— O,'l(l)* *O(l),'p

The product is fully antisymmetrized in Fer-letters, and fully
symmetrized in Bos-Letters

(0,..,0,.)=6;_;.



What defines the analytic structure of S[x] ?

F 1  x Qo)
TrH (i 1) e'X Q = n)e Bosons TO(”;]) ) n}e Fermions(l +e'* Q[ f])

(1-e

1+X - Exp[Log[1#X]] = =5, (-X)'

TrH('l'l) e' - Q . zml-l Trecn@ %= (F1Y Tre_on €'



What defines the analytic structure of S[x] ?

S[X] = Z°°l=1% (zBeilXQ[B] . (;l)lee”XQ[F])

o =(D,, ....D,) OWeeys

UwDyl=+1D,,  Jyc{Q, w,c X}



What defines the analytic structure of S[x] ?

Then the effective action is a sum over rational functions

i [x Q[B] ilx Q[F]
SIx] := = 2 e—. w— $11 e—.
[ ] Zool—l l ZB ﬂ”(l-e'lwﬂ) ( ) ZF n”(l—ellw")
S[x] has power-like singularities at % = —C% mod 1

- Deconfined phases (at roots of unity)?

Notice that not much has been assumed about the physical
system...



4d SU(N). /=4 SYMon S;

Q={H, J,,J,R:, Ry, R3} evengenerators

X ={B,w,w,, P, P, ¢} (dual chemical potentials)

©={S, S7, other 14 cc. pairs} odd generators

{S, S*}= H—J]_—JZ—R]_—RZ—R:;Z 0



4d SU(N). /=4 SYMon S;
Is ¢ [x]:=e~>I = j;ldu,- e~>glX; U]

o~Sql; Ul .— Try (- l)F o~B15:57 le qu Wfl Wsz W§3 o2 Ttip(u)

Wi W Wi
pPdq

=1 & A1+A2+A3—w1—w2=2ﬂlno



Defining the index

Seeds c {X,X, Y,Y,Z, Z,F,, ,Asss, - }

with gauge weights (charges) pin the adjoint of SU(N)
{S, S*}=H—J1—J2—R1—R2—R3=O

[D,,HI=+1H , [D,,J,]=+1J, - [Du4S, S*}=0 p=1,2.



Defining the index

(1—W1’) (1—W2’) (1—W3’

_ o 1 ) X -
- S[X, U] =2 =1 7 Zj*j=1 (l—pl) (l—ql) COS[2 1l UU] + (p = O)

For simplicity assume from now on that

— 21T

P=g=¢€

-» Deconfined phases (at roots of unity)! T—>—-



Entropy at large charges

JZI3 NZI3

deg, 4[Q]» e J=Jy+J,

N% growth at N « and large charges = J~N*>>1



The %-suppression

- F* 4lx*s, U] (Extremized Entropy functional)

= Sloc,gauge [X 1 U] =2i(T7)eJ =(A%): °R

= % N 2 o (§3[C2A:7] T‘jj [:EA’:EJ; §3[ -CAZ*;:IAZ‘Z ]) -27TI T*-_|_- J = A*i- ‘R



C D = C C
_ F_l O[X*""LI*]
- C
For later purposes
T O i X1 =CAyo+21wir X3=2275w1 = X1=-X;

" (cT+d)>

GCD(c,d) =GCD(¢c,r) =1 d~d+c ,r~r+c



A sum over saddle-points

Keeping all the terms intersected by the original multi-
dimensional contour of integration .... the complete
degeneracy should be recovered (in principle)

deg[Q] = | Z"',_,C,d,r nint ch’d[(X )i’u] |

= 3 g€ el 2 |Cos[Im[F 4[(x*), , u*T1]|
-3 eRe[F 1,0[(X*)+ ’ 0]]
Q- oo



This formula can be formally improved into an exact formula »
improved description of (c,d)-phases in gauge theory

.... but before going into that ...

let us “uncover” the AdS/CFT dual description of what it has
been described so far ...

12104.13932][2301.00763]



Z . -orbifold: Emergent periodicity conditions in the free-
energy:

Aa—>Aa+% T—)T+%

Thus the effective partition function (index) only counts
operators with (large) charges

{Qerr} = € {Quv}

where {Qyy} is the BPS spectrum of SU(N) N=4 SYMon S;
spacing 1(1/2). Thus {Q.¢} has lattice spacing c (c/2).



A geometric understanding of this Z - orbifold projection from
N =4 SYMis unclear. In the string theory side though:

The surviving stringy-spectrum comes from an orbifold
projection (=) of the complete KK-tower in:

boundary S; & internalSs =  S3. &S5



The quotient in the spectrum is bound to be induced by the
coordinates identifications

b, ~ P, +2T> P, ~ ¢a+2n£, el +C

a=1,2,3,4,5

which “multiplies” the KK spectrum of stringy excitations by
a factor of c

This orbifold projection is an emergent feature at large charges
and N. The large-N gravitational solution dual to (c,d)-phases
should inherit this feature.



At finite temperature the dual solution must be Euclidean and
it should be closely related to a “Wick” rotation of the very
same Lorentzian black hole accounting for the complete large
charge growth in the leading (1,0)-phase.

The BPS condition implies
H=Ji+J,+Ri+R,+R; =»c(Ji+HL+Ri+R,+R3)=CcH

which suggests that the correct periodicity condition in
Euclidean time for the (c,d)-dual 10d BPS gravitational solution
should be enforced by SUSY conditions to be:



e ~te+Ppn = te~ip+ p(lo)

’ ﬁ(l 0) = ﬁBH

How can we test these expectations?



Step 1: Wick rotate the Lorentzian black hole solutions
imposing the guessed periodicity conditions (at finite
temperature) and compute the action on-shell

Step 2: Take the SUSY limit on the finite temperature answer
(BPS limit):

Wl*p"fi *W3* -1 withArg(w*), Arg(p*) =» 0 and Arg(g*) = 2 rti
(independence on 3?) Sameer’s discussion later today

Step 3: Compare the BPS on-shell action with the field theory
prediction.



After these steps the gravitational Euclidean on-shell action
reduces to

N2 i(CA+2mTir)(cAy"+2mir)(x2mwi-cAy"-cAy,"™-4 1Ti07)

C 2(c " +d)°

N?>. 2 ... matchingthe CFT result

Note: We find that the analogous story is true in AdS,;/ CFT;
(with very different technical details in the field theory side,
Completely analogous details in the gravitational side).



The orbifold solutions can have fixed loci (at the horizon) e.g.
forr =0. There can be stringy degrees of freedom localized

there (D-branes).

These excitations produce 1/N corrections that must be
understood either from the large charge expansion or the
formal exact formula (mentioned before).

Consequently a better understanding of the exact formula may
be convenient to further decode the “inner-workings” of the

string/gauge theory duality. 1707.05774)

1811.04107][1812.09613]

11909.095971(2012.048151WIP]
Sameer’s discussion later today




Let us go back to the effective action....

(1—W1’) (1—W2’) (1—W3’

e ) N
- S[X, U] =2 =1 7 Zj,,:j=1 (l-p’) (l-q’) COS[Z 7t uij] + (p = 0)

Quasiperiodicity properties of the holomorphic extension of
e>MUlto the complex u-plane:

e>boti* TRl = @[t, ul ™1™,  Olx,u; + 1] =[x, u]

Bethe operator

Oilx, u'] = o (e" e )y ) [Ti=12,3 Golplul + A, T]”



This property implies (this can be seen in two ways) an exact
fixed point formula

e—S [x,u”]
Hlx,u’]

o-STl _jgldu o~ Skxu] =y .

3 Oq[x,u]

H = Det (L <.

27T o Up )
a,b=1,..,N-1

The fixed points are solutions to a Bethe condition

u*:  Ox, u*] = (-1)" i=0,..,N-1



Subset of solutions that dominate at N - oo with charges

% = finite

Their eigenvalues are :

*=((c+Nk,,)t+(d +ck.+Nk,)) -+(1 -

(ct +d)
with,

GCD(c,d)=1, d~d+c (whichisthe Z,.symmetry).



The (c, d) = label conjugacy classes of

(Zn)* =(Zn)e @ (Zn)

electric® magnetic one-form symmetry whose action in
encoded in the arbitrary choice of the integers (k., k).



The on-shell action for the (c,d) fixed points can be evaluated
exactly. It contains exact stringy perturbative and non-
perturbative corrections that demand physical understanding

At leading order in N= o and - —‘;’ the answer is:

N2 iX1X2X3
S, 4IxX]=——
C,d[ ] C 2.’.2

So,]_[X] =0+sub

+sub

which matches the large charge answer before (and gravity).



The phase diagram

0.20 -
0.15

0.10 |-
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[Taken from 1909.09597]



Questions for the future

How much of these features can extend to finite (small)
temperature at large charges? Gauge-theory derivation of the
PSU(1,1|2) Schwarzian?

Understanding giant graviton expansions at large charges,
their relation to the superconformal index and its fixed-point
(saddle point) evaluation.

Advance in these questions may give us a better understanding
on the “inner-workings” of AdS/CFT and holography.



